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On the Error Rates of Differentially 
Detected Narrowband T/~-DQPSK in 
Rayleigh Fading and Gaussian Noise 
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Abstract-A new closed-form expression for the distribution 
of the phase angle between two Rayleigh vectors perturbed 
by correlated Gaussian noise and intersymbol interference is 
derived. This formula is applied in the computation of the bit 
error rates of differentially-detected rl4-differential quaternary 
phase shift-keyed (DQPSK) and conventional DQPSK systems, 
and a comparison of performance between these two systems is 
made. 
I. INTRODUCTION 
HE 7rl4-quaternary phase shift-keyed (QPSK) modem T scheme initially designed by Baker [ l ]  for high-speed 
transmission of data over telephone lines has aroused con- 
siderable interest among researchers from the digital cellular 
mobile communications community. Key references to these 
works were cited in [2], where literature on differentially- 
encoded .rr/4-QPSK (or 7r/4-DQPSK) was admittedly scarce. 
Recently, the .rr/4-DQPSK modem scheme has been adopted 
for digital cellular mobile radio in the North American Dual- 
Mode Cellular System (NADMCS) [3], [4]. The rationale for 
such a choice is the high bit rate-bandwidth ratio of the QPSK 
format and its applicability to noncoherent detection, which is 
robust against fading, as well as coherent detection. 
The bit error rate (BER) of w/4-DQPSK in a frequency- 
selective and fast Rayleigh-fading channel has been investi- 
gated by Liu and Feher [5] and Adachi and Ohno [6]. In [5], 
the effect of co-channel interference (CCI) on the BER was 
addressed, where closed-form BER formulas for the binary and 
quaternary cases were obtained. In [6], BER performances of 
both 7r/4- and conventional DQPSK were analyzed, taking into 
account the effects of additive white Gaussian noise (AWGN), 
CCI, and delay spread of the multipath channel. The BER of 
conventional DQPSK in Rayleigh fading has also been studied 
by Ng et al. [7].  In [7 ] ,  the probability density functions (PDF) 
of the random differential phase components due to the AWGN 
and the fading process were first derived individually. The PDF 
of the combined random differential phase was then obtained 
by a convolution operation. 
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In this paper, we derive a new PDF for the phase angle 
between two Rayleigh vectors perturbed by Gaussian noise, 
which includes the effects of IS1 and noise correlation. This 
differential phase PDF is characterized by both the Rayleigh- 
fading correlation and the noise correlation, which depend 
on the Doppler frequency shift, IF filter bandwidth and in- 
tersymbol interference (ISI). A new closed-form cumulative 
distribution function (CDF) of the differential phase is also 
derived. This CDF is different from those derived by Mason 
[B] and Korn [9], in that it includes the effects of IS1 and noise 
correlation; further, it does not contain a singular point in the 
entire range of the phase variable. Finally, we apply our CDF 
formula to compute the BER of 7r/4- as well as conventional 
DQPSK and compare their performance for various values of 
Doppler frequency shift and IF filter bandwidth. 
11. SYSTEM, SIGNAL AND ANALYSIS MODELS 
A. System and Signal Model 
The 7r/4-DQPSK system under study is depicted in Fig. 
1. The low-pass equivalent form of the 7rI4-DQPSK signal 
arriving at the receiver antenna is given by 
~ , ( t )  = ~ ( t )  . ej[e(t)+s(t)l = [xs ( t )  + jy,(t)~e-@(~) (1) 
where 
Q(t)  = I9,p(t - nT) (2)  
n 
represents the message phase angle in which T is the 
symbol period, p ( t )  is a unit pulse in (O,T), and 0, is the 
differentially-encoded message phase. The 0,’s are formed 
using a Gray code such that a dibit in (nT,(n + 1)T) 
taking one element in {00,01,11,10} corresponds to a 
(0, - 0,-1) mod 27r taking a respective phase angle in 
{~/4,37r/4,  -37r/4, -7r/4). The transmitted phase 0,- can 
then ta_ke one of eight phases, such that 0, E 19 if 8,-1 E 0 and 
0, E 0 if 0,-1 E 0 where I9 = (0, p + ~ / 2 ,  p + 7r, /3 - a/2} 
and 6 = { p  + 7r/4, /3 + 37r/4, /3 - 37r/4, p - 7r/4) in which p 
is an arbitrary initial phase angle. 
In (l), the carrier amplitude R(t)  and phase S ( t )  are inde- 
pendent random processes, where R(t)  is Rayleigh distributed 
with expectation E { R ( t ) }  = 2a:, and 6 ( t )  is uniformly dis- 
tributed in [-7r,7r]. The xs ( t )  and vs( t )  are thus independent 
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Gaussian low-pass processes for which we assume to have a 
power spectral density (PSD) of 
111. CLOSED-FORM PDF AND CDF 
OF THE DIFFERENTIAL PHASE 
A. PDF f (All,) of the Differential Phase 
The phasor summation of the IF filter output signal given 
by (5) and a narrowband Gaussian noise no(t), which is the 
(3) 
If1 5 f D  
If I > f D  
%(f) = %,(f) = 
where fo denotes the maximum Doppler frequency shift and 
An AWGN, w(t) ,  with one-sided PSD NoWIHz is added 
to S,(t) at the receiver front end to simulate the receiver 
amplification noise. The IF filter is taken to have a Gaussian- 
shaped passband with a low-pass equivalent transfer function: 
c," = E{z:( t )}  = E{y,"(t)} = E{R2( t ) /2 } .  
H ( f )  = exp [ - T ~ ' / Z B ~ I  (4) 
where B is the IF equivalent noise bandwidth. This IF filter 
removes out-of-band noise while introducing IS1 to the signal. 
IF filter output due only to the AWGN, is shown in Fig. 2. 
The phasor sums are shown for two sampling times, that is at 
t 2  = to, which is the optimum sampling time of the symbol 
under observation, and at tl = to - T ,  which is the optimum 
sampling time of the previous symbol. When referring to 
the amplitude and angle variables in Fig. 2, subscripts 1 
and 2 are used to denote tl and t 2 ,  respectively. In Fig. 2, 
A4 = 4(t2) - 4 ( t l )  is the differential phase due only to the 
message, while All, = A6 + A7 where A6 = S(t2) - 6(t1) 
and A7 = q(t2) - ~ ( t l )  are random differential phases arising 
from the fading process (random FM noise) and AWGN, 
respectively. In order to find the BER for the r/4-DQPSK 
signal under Rayleigh fading, we need to find the probability 
distribution of All,. In furtherance of this end, we first derive a 
B. Quasi-Static Analysis Model 
Ng et [7i> we that the fading 'peed 
rate l / T  so that R(t) and 
closed-form expression of the PDF f (All,) of All, where All, 
is defined Over a range from -r to n. This derivation is given is much 'lower than the 
6 ( t ) ,  or zs ( t )  and ys(t), remain relatively constant over a few 
symbol durations. In that case, the low-pass equivalent form 
of the IF filter output simplifies to 
in Appendix A, with the result, 
1 - ( T 2 + X 2 )  1 
So(t) = R(t )a( t )  ..P[j(4(t) + 6(t))l (5)  
where 
a ( t )  . ej$(') = e?'(') * h(t)  (6) where 
in which the asterisk "*" denotes convolution and h(t)  is the p = T cos (All, + A4) + Xsin (All, + A4). (8) ~, 
inverse Fourier transform of H (  f) in (4). 
It is to be noted that in (S), the fading process z, ( t )  + jys  ( t ) ,  
defined in is kept unchanged in its passage through the 
IF filter. This assumption holds only if the value of fDT 
The parameters T and X are the normalized auto- and cross- 
correlation coefficients of the combined faded signal and 
likered AWGN' and are derived in Appendix as 
(9) 
d-4~ COS A4 ( l /p )e-"(BT)2  is very small, which is true in most practical situations. For 
example, consider a 900-MHz carrier frequency and a 100- 
kmh traveling speed. This results in f D  = 83.3 Hz. Further, 
approximation and is sometimes referred to as a "quasi-static'' 
T =  
JPl+ 1 / P l 2  - c,z 
analysis. J [ C l +  1 / P l 2  - c,z 
assuming a bit rate of 50 kb/s, we have a f o T  value of 
around 0.003. The analysis in this paper is based on the above 
(10) 
d m 4 T  sin ~4 
A =  
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Fig. 2. Angles between two composite Rayleigh vectors. 
where 
and 
in which E b  is the average signal energy per bit, Jo(.) is the 
zeroth-order Bessel function of the first kind, and a ( t )  denotes 
the carrier amplitude defined in (6). 
B. CDF F(All,) of the Differential Phase 
Having obtained the PDF of the differential phase as a 
function of the different system parameters, we proceed to 
derive the CDF: 
F(A$) = J"" f(z) dx (14) 
-r 
of the differential phase so that the BER can be computed. This 
derivation is given in Appendix C, with the result (15) below. 
IV. BER OF T/~-DQPSK 
In this section we will use (15), shown at the bottom 
of the page, to evaluate the BER of 7r/4 -DQPSK signals. 
The transmitted phase A8 is distorted to Aq5 due to the 
IS1 produced by the narrowband IF filter. With the ideal 
differential phase detector output represented by All, + Aq5 
and for a Gray-coded message, the conditional BER can be 
calculated from 
P(ElA8)  = Prob[-n 5 (All, + Aq5 - A8) 
. mod 27r < -37r/4] 
+ 
. mod 27r < -7r/4] 
+ f Prob[7r/4 5 (A$ + Aq5 - A8) 
. mod 27r < 3 ~ / 4 ]  
+ Prob[3w/4 5 (A$ + Ad - A8) 
Prob[-37r/4 5 (A$ + Aq5 - A8) 
. mod 27r < T I .  (16) 
For an IF bandwidth not unreasonably narrow so that Aq5 - A8 
lies in the range of f7r/4, (16) reduces to (17), shown at the 
bottom of the page, where the CDF F(.)  is defined in (15). 
The final BER, Pb, which takes into account the random- 
ness of the 7r/4-DQPSK message, is obtained by averaging 
P(ElA8) over the set of all possible message sequences. 
Here, we extend the four-symbol pattern IS1 analysis technique 
presented in [7] for conventional DQPSK to the 7r/4-DQPSK 
system. This results in 
where the four-symbol patterns = " 7 0 7 1 7 2 7 3  " and their 
associated probabilities of occurrence P ( r )  are given in Table 
I. In (18), 
A& = Or( to )  - &(to - T )  (19) 
where 
0 0 3  
Or(t) = C-ynp(t - nT - 4mT) (20) 
m=-m n=O 
is the periodic extension of r. 
T sin (All, + Aq5) - X cos (A$ + Aq5) 
Ji-;l" 
[T - sin-' (TCOS Aq5 + Xsin Aq5)] r sin Aq5 - X cos Aq5 . [i + sin-l(p)] + 
J1 - (T cos Ad, + X sin 2 
1 F ( A +  = A8 - Aq5 - 3 ~ / 4 )  - F ( A $  = A8 - Aq5 + ~ / 4 )  -F(A$ = A8 - Aq5 + 3 ~ / 4 )  + F(A$  = A8 - A$ - ~ / 4 )  
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f 4-DQPSK 
4-Symbol Pattem, r - 
70 71 YZ y3 Probability of Occurrence 
0 nf4 nf2 3nf4 1/32 
0 nf4 7~ 5af4 1/32 
0 nf4 3rf2  7af4 1/32 
0 n f 4  0 nf4  1/32 
p ( r )  
- 
A :  
B -  
- 
0 3nf4 n 7x14 1/32 c :  
0 3nf4 3af2 nf4 1/32 
0 3nf4  0 3nf4  1/32 D -  
0 3nf4 irf2 5nf4 1/32 
0 nf4 nf2 5nf4 1/16 
E -  
0 n f 4  a12 7nf4  1/16 - 
0 nf4 K 7nf4  1/16 
- A - fDT=Q.QlQQ 
0 a14 K nf4  1/16 B - f~T=O.Q050 - l o  -6i c - fDT=0.0025 
1 D - fDT=O.QOlQ 0 a14 K 3nf4 1/16 
0 nf4 3nf2 nf4 1/16 - E - fDT=O.QQQ4 
Q n f 4  3x12 3nf4 1/16 
Q nf4 a12 n/4 1/16 
F 
- F - ~QT=O.QOQQ 
0 nf4 0 5nf4 1/16 
0 3af4 a n/4 1/16 
0 3n14 3n12 3n14 1/16 Fig. 3. BER for various values of f oT  with BT set to 0.6. 
V. BER COMPUTATION RESULTS AND DISCUSSIONS 
We consider the bandwidth parameter BT to be sufficiently 
large so that the distortion due to IS1 is restricted to (A0 - 
Aq5l < 7r/4. This was computationally found to be true for all 
the four-symbol patterns given in Table I if BT 2 0.6. The 
analysis of IS1 for conventional DQPSK follows that given in 
Ng et al. [7]. We also consider the fading-induced parameter 
f D T  to be restricted to a useful range from zero to 0.02. 
BER for both 7r/4- and conventional DQPSK systems were 
computed for various values of BT and fDT.  These are shown 
in Fig. 3 and Fig. 4, with BER for 7r/4- and conventional 
DQPSK depicted by solid and dashed curves, respectively. 
In Fig. 3, we show BER curves for a low BT value of 0.6, 
for which IS1 effects are large, and for various values of fDT.  
It is observed from these curves that the BER at first falls off 
with increasing &/No, indicating a behaviour expected of an 
AWGN channel. Also, as Eb/No is increased beyond a certain 
limit, the BER attains a constant floor value, showing the effect 
of the random FM phase noise. As expected, the BER floor for 
a higher f D T  value is higher than that for a lower f D T  value, 
indicating the rapid spreading of the PDF of the differential 
phase due to larger f D T  values. It is also noted in Fig. 3 that 
conventional DQPSK outperforms 7r/4-DQPSK in the region 
of low &/No where the effects of AWGN is dominant. On 
the other hand, in the region of very large &/No, where the 
random FM noise is the only source of phase disturbance, we 
observe that 7r/4-DQPSK gives a better BER performance. 
This can be attributed to the smaller spectral splatter of 7r/4- 
DQPSK as compared to conventional DQPSK when BT is 
small. 
Fig. 4 compares the BER performance of 7r/4- and conven- 
tional DQPSK systems at two f D T  values and for different 
BT values. We observe from these curves that ~ / 4 -  and 
conventional DQPSK give almost identical BER as BT ap- 
proaches unity. 
Finally, it is to be noted that our system model in this 
paper does not include a transmitter filter. This, however, 
does not render our results impractical. Consider, for example, 
the use of transmitter and receiver filters, both of Gaussian- 
shaped passband, with IF equivalent noise bandwidths Bt and 
B,,respectively, in our system. Using [4], we note that the 
total-system bandwidth becomes B = B T B t / d m .  
Now, if we retain the original meaning of B as total-system 
bandwidth, the only parameter that need be modified in 
our quasi-static analysis is the signal-to-noise ratio (SNR) 
defined in (13). This leads to the replacement of &/No by 
BEb/B,No. Thus in order to use the BER plots presented, we 
need only to shift the BER curves rightwards by 10 log (B,/B) 
dB. 
VI. CONCLUSION 
In this paper, new closed-form formulas for the PDF and 
CDF of the differential phase of a phase-modulated carrier in 
Rayleigh-fading and correlated noise have been derived and 
applied to evaluate the BER of 7rI4-DQPSK and conventional 
DQPSK systems. Under very narrow IF band-limitation and 
at high SNR, the 7r/4-DQPSK outperforms the conventional 
DQPSK because the former has less spectral splatter during 
phase transitions between symbol. The performances of these 
two systems approach one another as BT increases. 
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l o \  
A - BT=0.60 
B - B T 4 . 6 2  
C - BT=0.68 
D - BT=1.00 
Fig. 4. BER for various values of BT with foT set to 0.01 and 0.0004. 
APPENDIX A 
DERIVATION OF THE PDF OF THE DIFFERENTIAL PHASE 
We start with Pawula et aL's expression for the PDF of 
the phase angle between two vectors perturbed by AWGN 
[ 10, eq. (B-6), Case 111-unequal signal condition, correlated 
noise]. This expression contains the parameters, U, V, W, and 
E, which are all functions of the signal-to-AWGN power ratios 
(SNR's), p1 and p2, of the two vectors. Now, following Mason 
[8], we first consider a Rician signal and exploit the fact that 
the Rayleigh-faded component is a Gaussian component for a 
given symbol sequence and can be combined with the AWGN 
to form another Gaussian process. We may use [lo, eq. (B- 
6)], but with the pi's defined as the ratio of the LOS power 
to the multipath plus AWGN power. Now by letting K = 0, 
the LOS component vanishes, with p1 = p2 = 0. This leads 
to U = V = W = E = 0, and [lo, eq. (B-6)] becomes 
d t  cos t 
* [l - {r COS (A$ + A$) + X sin (A$ + A$)) cos tI2 
(A-1) 
where r and X are the auto- and cross-correlation coefficients 
of the combined multipath to be derived in Appendix B. 
Now, by applying Gradshteyn and Ryzhik's [ l l ,  eqs. 
(2.554(1)), (2.553(3))] in (A-1) and further making use of the 
identity 
tan-' /I l + b  = f (5 + sin-' b) 
1 - b  (A-2) 
we obtain (7) and (8) in the text. 
APPENDIX B 
DERIVATION OF THE CORRELATION COEFFICIENTS T AND X B 
Referring to Fig. 2, r and X are the correlation coefficients of 
the in-phase and quadrature-phase components of the Rayleigh 
vectors VI and V2 defined by 
Now, using complex representations, we can relate the xi's 
and yi's to A4 and the in-phase and quadrature components 
of the multipath plus AWGN as 
Vi = x i  + j y i  = (aiz,i + GI)  + j (a iy , i  + yni) (B-3) 
v2 = 2 2  + j Y 2  
= ( ~ 2 2 ~ 2  cos Aq5 - a2ys2 sin A4 + x,2) 
+ j(a2xs2 sin A4 + a2ys2 cos A4 + ~ ~ 2 ) .  (B-4) 
Since we are assuming symmetrical fading-power spec- 
trum and noise-power spectrum, we have E{x,ly,~} = 
E{x,2y,2) = E{x,ly,l) = E{xn2yn2) = 0. Further, since 
the signal component is independent of the noise component, 
with A4 = 4(to) - 4(to - T) we obtain 
(B-5) E{x:} = E{yf) = a2(to - T)r,(O) + ~ ~ ( 0 )  
E(& = E{y;) = a2(to).s(0) + r,(O) 03-6) 
E{x1x2) = E ( Y l Y 2 )  
E(x1y2) = -E{Yixz) 
E(ZlYl)  = E ( 5 2 Y 2 )  = 0. 
= a(to - T)a(to)r,(T) COS Aq5 + m(T)  (B-7) 
= a(t0 - T)a(to)r,(T) sin Aq5 (B-8) 
(B-9) 
For Gaussian-shaped IF filters with a low-pass equivalent 
transfer function of exp [-.rrf2/2B2], and symmetrical fading- 
power spectra of the form: o ; / ? r J m ;  I f 1  5 fD, the 
autocorrelation functions T,  (T) , r, (0) , r,  (7') and r, (0) in (B- 
5HB-9)  are given by 
= 0,2J0(27rfDT) (B-10) 
rs(0) = us2 (B-11) 
00 
rn(T) = Noe-&BZe9fT  df L 
- NoBe-"(BT)2 (B-12) 
(B-13) r,(O) = NoB = 0: 
where Jo(.)  is the zeroth-order Bessel function of the first 
kind. Now, substituting (B-1OHB-13) into (B-5HB-8) and 
the results into (B-1) and (B-2) we get ( 9 x 1 3 )  in the text. 
.... - . 
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APPENDIX C 
DERIVATION OF THE CDF OF THE DIFFERENTIAL PHASE 
we start by rewriting the parameter 
Next, we apply Gradshteyn and Ryzhik’s [ l l ,  Eq. (2.584(38))] 
to solve integrals of the form s e i 3  sin x dx in (C-8). Finally, 





r. = Mcos  a,  
M =  d m ;  
Q = tan-’ (t); 
X = M s i n  a, 
(-1 5 M 5 l), 
(-lr 5 a 5 lr). 
Therefore, (7) in the main text can be written as 
Msin  x 
I (x)  = 0.5 [. +
lr dl - M2cos2 x 
+ integration constant. (C-9) 
1-M2 1 
f ( A +  - A+ + Q) = ___ 2~ 1 - M 2  cos2 A$ F ( A $ )  = I(All, + A$ - a )  - I(-T + A 4  - a )  (C-10) 
Mcos  All, 
J1- M 2  cos2 All, we substitute (C-9) into (C-10) to obtain (15) in the text. 
+ (i + sin-’(M cos A$))] . (C-3) 
At this point, we define the CDF F(All,) of All, as 
All, 
F(All,> = J f ( x ) d x  
= I  -?r+Af#J-a 
J =Jkg 
. [l+ 
a(: +sin-’ (Mcos  x) 
-7r 
A W A 4 - a  
f ( ~  - A 4  + a )  dx (C-4) 
and consider the indefinite integral 
I(x) = f ( ~  - A 4  + Q) dx 
1 
1 - M 2 C O S 2  x 
Mcos  x 
1 - M2c0s2 x 
Letting 
y = x + lr/2 (C-6) 
we get 
1 - M 2  M .lr sin y 
- 1 2 dy I (y  - l r / 2 )  = 21r 
where cy = 
by parts on 
dv = e ~ ~ s i n  
get 
apply s u dv 
I (y  - lr /2)  = 
sin y + M . J -  sin-’ (Msin  y) dy] (C-7) 
e; 
J1 - M 2  sin2 y. First, we perform integration 
the third integral in (C-7); in particular, we 
= uv - s v du with u = sin-’ (M sin y) and 
y dy. After further algebraic manipulations, we 
1 - M 2  lr 
~ 21r [I e y 2  dy + M [ z  + sin-’ (Msin  y)] 
e y 3  sin y dy - 1 ei1M2 cos y 
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